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ABSTRACT

We give a geometric description of the unit root splitting of the Hodge
filtration of the first de Rham cohomology of an ordinary Abelian variety
over a local field, as the splitting determined by a formal completion of
the universal vectorial extension of the Abelian variety.

1. Introduction

The main purpose of this paper is to give a geometric description of the unit root
splitting of the Hodge filtration of the first de Rham cohomology of an ordinary
semistable Abelian variety over a local field. More precisely, let K be a finite
extension of Qp, R its ring of integers, mp its maximal ideal and & the residue
field. Let us denote by Ak a semistable Abelian variety over K, by A% its dual
and by Ix the universal vectorial extension of Ax. So we have an exact sequence
of algebraic groups over K

(1) 0—)VK—)IK—)AK——)0,

where Vi is a vector group. Let A be the Neron model of Ax and I and V
be group schemes over R (V is a vector group) with generic fibers Ix and Vg,
respectively, and such that we have an exact sequence of group schemes over R

(2) 0>V ->TI-A-0
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Now we formally complete each term of the exact sequence (2) along the identities
of their special fibers (this operation will be denoted by superscript f) and get
the exact sequence of formal groups over R:

(3) 0-VioI1f 5 4 50

If Ax is an ordinary semistable Abelian variety, Af is a formal group of multi-
plicative type, i.e., Af & (G{)9, where g =dimAg, and the isomorphism above
is defined over R*", the ring of integers of K", the completion of the maximal
unramified extension of K. Therefore there exists a unique splitting of the exact
sequence (3) defined over R*", which we denote by v. We denote by Lie(v) the
map induced by v on the Lie algebras and by v* the pullback by v on differentials.

As we see in section 2, the exact sequence of Lie algebras induced by (3) can
be identified with the Hodge-filtration exact sequence of Hip(A%), i.e., we have
a commutative diagram with exact rows:

0 - Lie(V)xk — Lie(If)x — Lie(4H)x — 0
1 1= =
0 - HO(A}(,Ql,K) — Hl(A%) — Lie(Ax) — 0

The main result of this paper is

THEOREM 1.1: The map Lie(v) is, under the identifications above, the unit root
splitting of the Hodge filtration of H}p(Al) Kur.

We remark that Theorem 1.1 is known if Ax has good ordinary reduction
(see [C-UVB], Proposition 3.1.2, page 641). No proof of this result is given in
[C-UVB], so the present paper supplies the proof for the good reduction case as
well. One might be interested in this result in relation to p-adic height pairings,
namely: the method of Zarhin in [Za] allows one to produce from a splitting of
the Hodge filtration of Hi,(A%) a local p-adic height pairing. A consequence of
Theorem 1.1 is that the p-adic height pairing produced by Lie(v), where v is the
splitting of (3) discussed above, coincides with the p-adic height pairing produced
by the unit root splitting.

The plan of the paper is the following: in section 2 we investigate properties of
the Dieudonné module of a formal group F over R, denoted D(F/R), and prove
that if Ax is any semistable Abelian variety over K, then we have an exact
sequence

(4) 0 — Hip(Ag)®P=0  Hl(Ax) — D(AT/K) = 0.

This generalizes the similar result for the good reduction case in [K].
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In section 3 we complete the proof of Theorem 1.1 above, analyzing the be-
haviour of the Poincaré (cup-product) pairing with respect to the Frobenius-
equivariant decomposition of H,,(Ax) and Hlg(A%). We prove that if Ay is
ordinary semistable, the unit root subspaces of Ax and A% are orthogonal with
respect to the Poincaré pairing. This generalizes the similar result for the good
reduction case in [C-UVB].

Finally, in the Appendix we show that the Dieudonné module of a formal
group F over R can be interpreted as the first cohomology group of a double
complex attached to F. This is not used elsewhere in the paper, but we think it
is interesting and have not seen it in the literature.

ACKNOWLEDGEMENT: We are most grateful to R. Coleman and A. Werner
for very stimulating discussions. We owe R. Coleman the proof of Proposition
3.4. We thank the referee for the careful reading of the manuscript and for the
reference to Le Stum’s thesis (see Remark 3.4.)

2. Dieudonné modules of formal groups 4 la Honda and Katz

Let us start with some notations. Let K, R, mg and &k be as in the Introduction.
If X is any group scheme over R, we denote by X/ the formal completion of X
along its special fiber. It is a formal group over R. If X and Y are group schemes
over R and u is a pointed morphism of schemes (i.e., it preserves the identities),
we denote by uf the formal completion of u, i.e., the morphism of pointed formal
schemes Xf — Y/ induced by «. If X is now any group scheme or formal group
over R, we denote by Lie(X) and Inv(X) the Lie algebra and the R-module of
invariant 1-forms of X, respectively. Also, if M is any group scheme over R or
any R-module, we denote by Mg the object obtained from M by extending the
scalars to K, i.e., Mx: = M @gr K. If f is a morphism of R-group schemes or
R-modules, we denote fg: = f ®pg idg. Throughout the paper, whenever we
have X C Y, for X,Y schemes or formal schemes, we denote by res%, or simply
by res, the restriction map for differentials or de Rham cohomology. Let now A,
I, Ag and Ig be as in the Introduction. Then we have

LEMMA 2.1: Hjp(A)k = H)g(Ak) and Hp(I)k & Hip(Ik), where the maps
are induced by restriction to the generic fibers.

Proof: As K is flat over R, the base change theorem for sheaf cohomology works
for A and I (they are both smooth over R), and so we get isomorphisms between
the Hodge to de Rham spectral sequences. Therefore, the maps induced on the
graded quotients are isomorphisms and we get the conclusion.
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LEMMA 2.2: We have the following canonical identifications:
(a) Lie(If)x = Lie(I)x = Lie(Ix) & Hip(A%)
and
() Inv(If) g 2 Inv(I) g 2 Inv(Ig) & H)p(AKk).
Also,
(c) Lie(A7)x = Lie(A)k = Lie(Ax) = H'(Ak, On:)
and
(d) Inv(Af)x 2 Inv(A) g = Inv(Ax) = H(Ag, Qe /x0)-

Proof: The first two isomorphisms in each row come from standard facts (see
[G-D] and the proof of the Lemma 2.1). For the last isomorphism in (a) see
[Ma-Me], for the last one in (b) see [C-UVB], and for the last isomorphisms in
(c) and (d) see [M].

Theorem 1.1 of the Introduction mentions “the unit root splitting” of the
Hodge filtration of the de Rham cohomology of an ordinary semistable Abelian
variety. Let us first recall what “the unit root splitting” is. If A is a semistable
abelian variety over K, then we have a Frobenius endomorphism on H}p(Ak),
whose definition depends on a choice of a branch of the p-adic logarithm on K*.
(Actually, we have three such Frobenii, namely, the one defined by Hyodo-Kato
in [H-K], one coming from Fontaine’s theory of semistable Galois representations
[Fo-SS], and finally one defined specifically for Abelian varieties in [C-I). It is
proved in [Ts] and [C-I] that if Ak is split semistable, then these are all the same.)
So the unit root subspace of Hip(Ak) is defined to be the slope zero subspace
for the action of Frobenius. It is proved in [Il], in a more general context (and a
simple proof for Abelian varieties is provided in Corollary 3.1 of this paper), that
this subspace is independent of the choice of Frobenius. Moreover, its intersection
with the Hodge filtration is {0}. Now if Ak is ordinary, then the dimension of the
unit root subspace is equal to the dimension of Ag. So the unit root splitting of
the Hodge filtration of H}(Ak) is the splitting defined by taking the unit root
subspace to be the complement of H*(Ag, 2}, /)~ If Ak is ordinary semistable,
then A is also ordinary semistable.

Let us now go back to Theorem 1.1 and the notations at the beginning of
the section. As the map Lie(v)x can be interpreted as a splitting of the Hodge
filiration of H},(A%), all we need to show in order to prove the Theorem is that
its image is the unit root subspace of Hj,(A%). In order to prove this, we first
prove
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THEOREM 2.3: The map v* is, under the identifications in Lemma 2.2, the unit
root splitting of the Hodge filtration of Hip(Ax)Kur.

For the proof of Theorem 2.3 we only need to show that Ker(v*) is the unit root
subspace of Hp(Ak)ku-. Before starting the proof of Theorem 2.3 we need some
results on the de Rham cohomology and Dieudonné modules of formal groups.
Let F be an n-dimensional formal group over R (see [K] for a definition and basic
properties). We denote by A(F) the affine algebra of F (if we fix a system of
coordinates X = (X1, Xa2,...,X,) of F, then A(F) = R[[X]]). If G is another
formal group and f: F — G is a morphism of formal schemes (or a homomorphism
of formal groups), we denote by f* the continuous homomorphism of R-algebras
{or of R-bialgebras, respectively)

[ A(G) = A(F)

induced by f.
If 7, G, H are formal groups over R, we say that the sequence

(5) 0FAL65H >0

is exact if it is an exact sequence of abelian sheaves on the fppf topology. In
particular, the fact that the sequence is exact implies that

F 2 G X94,¢,, SPI(R),

where e3: Spf(R) — H is the unit section (see [Me]).

Let us denote by CFG(R) the additive category of commutative formal groups
over R ([K]). Then if ¥ €CFG(R) of dimension n, the cohomology groups
H!p(F/R) are the R-modules obtained by taking the cohomology of the for-
mal de Rham complex 2 /R (this is the separated completion of the “literal” de
Rham complex of A(F) as R-algebra). Let m,pry, pro: F x F — F be the group
law and the two projections (they are morphisms in CFG(R)). Then we define
the Dieudonné module of F, D(F/R), to be the R-submodule of His(F/R)
consisting of the primitive elements, i.e., the elements a € Hl(F/R) such that

m*(a) = pri(e) + pri(a) in Hyp(F/R).

Lemma 5.1 in [K] asserts that the association: F — D(F/R) defines a contravari-
ant additive functor from CFG(R) to R-modules. We always extend scalars to
K, so let us denote

D(F/K): = D(F/R)x: = D(F/R)®r K.



434 A. IOVITA Isr. J. Math.

If F is a p-divisible formal group of height h (in the sense of [K]), then D(F/K)
is a vector space of dimension h. We have the following description of D(F/K):
let T = (T1,T5,...,T,) be a system of coordinates of F. Then we have

LEMM;} 24: D(F/K) = {f € K[[T]]} f(0g) = 0,df € d(R[[X]]k), and
fX +Y) - f(X) - f(Y) € R[X,Y]|x}/{f € RI[Tllx| f(0F) = 0}, where
-T— is the group law of F.

Proof: This follows easily from the description in [K] p. 193.
The next two Lemmas are obviously well-known, but we write them here for
better reference.

LEMMA 2.5: Let F = (Gf)" be defined over R and let T = (T1,Ta,...,T,) be
a system of coordinates of F. Let F € K[[T]] be a homomorphism F: F — G,
defined over K. Then F € R[[T)|k.

Proof: 1If F is a homomorphism then F(X +Y) = F(X) + F(Y), where
X = (X1,X2,...,Xpn) and Y = (11,Y3,...,Y,) and the equality takes place
in K[[X,Y]]. Therefore, F(T) = a;Th + azT2 + -+ + a,Ty, with a; € K, so
indeed F' € R[[T]|k. (|

LEMMA 2.6: Let T = (T1,Ta,...,T,) and F,G € K[[T]] be such that:

(a) F,G are convergent on (mg)" (i.e., on the R-rational points of the open
unit polydisk around (0,0,...,0)).

(b) F(z) = G(=) for all z € (mg)".
Then F =G.

Proof: F,G give functions F(R),G(R): (mgr)"® — K, which are continuous and
indefinitely differentiable at (0,0,...,0). The partial derivatives can be defined
using limits, as in elementary calculus, and can also be computed like this: for-

mally partial differentiate the power series and evaluate the result at (0,0,...,0).
As F(R) = G(R), all their partial derivatives at (0,0,...,0) are equal, so the
coefficients of the power series are equal, so F = G. ]

Let, as above, T' = (T, T, . . ., Ty,); then we define on K[[T]] the linear topology
T by defining a basis of neighborhoods of zero to be

Usy: = R[T)]| + T*K[[T]], where s,t €N,

and where 7 is a uniformizer of R and we denote by T*K[[T]] the ideal
(TK[[T)] + ToK[[T)] + - - - + ToK[[T]))* in K[[T]]. Then we have the follow-
ing
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LEMMA 2.7: (a) The topology T is separated and its restriction to R[[TY]] is the
usual topology on R([T]].
(b) If & € wR[[T]] + T - R[[T]] then we have

a™/m 5> 0 when m — oo.

Proof: (a) is clear; and for (b) notice that & can be written as a = a + b, where
a € mg and b € T - R([T]. Then, it is enough to investigate the case when
m = p* and we have

o [p* € al?"/2 /pk - R((T]) + TW" /1 K[(T]},

where [-] denotes the greatest integer part function. So the result follows from
the fact that v(al?*/2/p*) > [p*/2] — ek — o0 as k — oo, where e denotes the
absolute ramification degree of K. 1

Let now F: = Spf(R[[T]]) be a formal Lie variety over R and let us define
M(F) to be the R-submodule of K[[T]] of all power series F' such that dF €
Q% g Let G = Spf(R[[X]]) and ¢: G — F be a morphism of formal Lie varieties.

LEMMA 2.8: There exists a unique, continuous R-module homomorphism
U: M(F) — K|[[X]] which extends 1*. Moreover, the image of ¥ is contained in
M(G).

Proof: As ¢*: R[[T]] » R|[X]] is a continuous R-algebra homomorphism we
have

P*(T;) € m- R[[X]]+ X - R[[X]] fori=1,2,...,n.

So, if F € M(F) we define ¥(F) = F(¢*(T1),¥v*(T2),...,¥*(Tx)). By Lemma
2.7 (b) this makes sense and we are done. |

Let us now consider again the exact sequence. of formal groups (5):
(5) 0FhGAH 0

such that now F is a finite power of the formal additive group over R, i.e.,
F =2 (GE)™, for some m € N. Let us also consider a pointed morphism of formal
R-schemes u: H — G which is a section of ¢ (pointed morphism means that
1#(0%) = 0g.) Then we have

Iov(G)x ¥ () ™% Hin(H/R),

where Q1% denotes the space of closed 1-forms. The following proposition is a
key result.
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PROPOSITION 2.9: In the notations and hypothesis above:

(a) The image of (projou}) is contained in D(H/K).

(b) If w is another pointed section (as formal schemes) of ¢ then (projou}) =
(proj o).

Proof: Let 7 € Inv(G/R) and let us denote w = u*(n) € Q5. Then as the
invariant forms are closed, we have dw = du*n = u*dn = 0, so w is a closed 1-form.
Let T = (T1,Ts,...,T,) and U = (Uy,Uy,...,Up) be systems of coordinates on
H and G respectively, so A(H) & R[[T]] and A(G) = R|[[U]]. Let F,, € K[[T]] and
F, € K[[U]] be uniquely determined by the conditions: dF,, = w, F,,(0) = 0 and
dF, =1, Fy(0) = 0. It follows that u*F;, = F,,. Let us now consider the power
series: G(X,Y) € K[[X,Y]], X = (X1, Xz, ..., Xn), Y = (1, Ya,...,Y,) defined
by
G(X,Y) = Fu(X 1Y) = Fu(X) = Fu(Y).

Given the description of D(H/K) in Lemma 2.4 we want to prove that G(X,Y) €
R[[X,Y]]k. As F, and F, are obtained by formal integration of closed 1-forms
defined over R, they will be convergent on H(R) = (mg)" and G(R) = (mg)™
respectively and they give:

a function of sets, F,(R): H(R) = K,
and respectively
a group homomorphism, F,(R): G(R) = K.

If X is a formal group over R, let

Ax: A(X) = A(X)®A(X) be the comultiplication,
ex: AX) —- R be the augmentation,
ox: AX) - A(X) be the coinverse,

inx iz x: A(X) - A(X)®A(X) bethe maps ijx =prjy, j=1,2.
Let us then define the following continuous R-algebra homomorphism:
f* A(G) = A(H)QA(H)
to be the composition:
AG) 2% A(G)BA(G) “28" A(0)®A(0)®A(Q) “O53

AG)RAG)RAG) 858 A AMBAM) **ELFOP M ARG A(H).
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Then, as we identify R[[X,Y]] & A(H)®A(H) by X — i1x(T) = T®1 and
Y — i2.5(T) = 1®T, it makes sense to make the
FirsT CLAM: (1) G = f*Fy,

(2) fro* =€

Proof of the First Claim: (1) One can check the claim directly using the
properties of the co-structures, but given Lemma 2.6 it would be enough to
check the equality on R-points. So if we denote by f the homomorphism of
formal schemes induced by f*, we’d like to prove that G(R) and F,(R) - f(R)
are equal as maps of sets from H(R) x H(R) to K. Let us first make the map
f(R): H(R) x H(R) — G(R) explicit. It is given by

FR) (@) = u(®)(z + 1)  w(R) (@) 2 w(B)(®)

for all (x,y) € H(R)xH(R). Therefore, as F,,(R): G(R) — K is a homomorphism
we have
H G g
Fy(R) - f(R)(z,y) = Fyp(R)(w(R)(z + y) — uw(R)(z) — u(R)(v))
H
= F,(R)(z +y) - Fu(R)(z) - Fu(R)(y) = G(R)(z,y),

for all (z,y) € H(R) x H(R).

(2) Applying the same Lemma 2.6 it is enough to check this equality on R-
points, i.e., we want to show that

o(R) - f(R) = Oyr)-

But this follows easily from the fact that ¢(R) is a group homomorphism and
¢(R) - u(R) = idy(p).-

Now we can prove (a) of Proposition 2.9.

As the sequence (5) is exact we have the following cartesian diagram (i.e.,
A(F) = A(G)®am),en B):

AH) B A©)
(6) e Ly

R c A(F
and continuous R-algebra homomorphisms A(G) N A(H)®A(H) and
R C A(H)®A(H) such that the diagram

AH) B A©)
el Vi
R C AMGAMH)
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commutes. Therefore, there exists a unique continuous R-algebra homomorphism
o A(F) = A(H)QA(H)

such that the diagram

AQ) 5 Aaméam)
v I
AF) 5 AH)BAMH)

commutes. We have G = f*F, = o*(¢*F;). As F is a power of the formal
additive group, we deduce from Lemma 2.5 that ¥*F, € A(F)k; and as o* is
defined over R we get that G € (A(H)®A(H))k.

Now we prove (b) of Proposition 2.9. Let w be a second pointed section (as
formal schemes) of ¢ and let us denote by w’: = w*(n) and by F, the unique
element of K[[T]] such that dF,, = w’' and F,(0) = 0. Then let us denote by g*
the following composition of continuous R-algebra homomorphisms:

A(G) 2 AG)BAQ) ““B°7° AG)BAQ) VB AFBAR) T ARH).
So, g*: A(G) = A(H) and we can make the
SEconD CramM: (1) F, — F,,» = g*F,,

(2) g ¢* = en.

The proof of the Second Claim is similar to the proof of the First Claim and
is left to the reader. Moreover, (b) of Proposition 2.9 follows from the Second
Claim by the same formal argument as above. |

Now we apply the results of Proposition 2.9 to the exact sequence (3). Let us
recall it:

(3) 0 v L 1F %Al 0.

Let us also recall that we had a section of ¢, which is a homomorphism and is
defined over R®", denoted v. Let us construct another one (it will be defined over
R and it will not be a homomorphism in general, but only a morphism of pointed
formal schemes). For this, recall the exact sequence of group schemes over R:

(2) 0sV3IHA=0.

Let now U C A be an affine open which contains the unit of the special fiber.
As G,-torsors are locally trivial in the Zariski topology, there exists a morphism
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of schemes u: U — I which is a section of b. Without loss of generality we may
assume that u is a pointed section (if not, compose u with the translation on I
by some R-rational point of V). Now we take formal completions along identities
of the special fibers and get

ul: Ul = Af — 1S

and uf is a pointed section of bf = ¢.
Now applying Proposition 2.9, we get that the following diagram:

InV(If)Kur U—.) InV(Af)Kur
(7 I ) =

v(Hf) e ™S D(AT/KT)
is commutative.

In the notations above we have

PROPOSITION 2.10: Ker((uf)*)x = Ker(res4,: Hiz(A)x — D(Af/K)), where,
let us recall, resﬁ, is the restriction map.

Proof: We have the following commutative diagrams:

RAkx T HRWk
A { *Lresgj
( ’)K = HipUNk

and
Hip(Ak = Hip(Dx
resg*l/ »Lu*
Hip(Uk = Hip(U)k

But we also have Inv(Ix) 2 Inv(I)x & Hjp(I)k = H)z(Ik), where all the maps
are the natural ones (see Lemma 2.2 and [C-UVB]) so the map induced by b*
is an isomorphism (also [C-UVB]). Therefore, it follows that u* = resf - (b*)~1.
Moreover, we have the diagram

res’ ufy
v ¥ IwI)x 3 DA/K)
u* ] N
resU

HizWk ¥ HpUHxk = HjpA)k
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This diagram is also commutative (see [EGAI], section 9). Finally, it follows that
the diagram

uf)”
mw(Hx Y Df/K)

I n
A
res
Hip(Ax - Hip(A)x
is commutative, which proves the Proposition. |

Now the proof of Theorem 2.3 will follow from a more general statement.
Let now Ax be any split semistable Abelian variety. Let us first recall the
“uniformization cross” of Ax: we have a diagram of rigid analytic groups and

morphisms
NS
\}
(*) Ty — Gk — Bg
{
Ag

where Tk is a split torus over K, By is an Abelian variety with good reduction
over K, and 'k is a free Abelian group over K; Tk, Gk and Bg are algebrizable
and they have canonical models over R, say T, G and B respectively. Moreover,
there is an exact sequence of group schemes

0-T—->G—>B—-0

over R which induces the horizontal row in the cross. We formally complete each
term of this exact sequence along the identities of their special fibers and get an
exact sequence of formal groups

0T/ 56f - Bf -0

If X is any of the group schemes over R above (4,G,B,T), then the image of
the map resX,: H}p(X) = Hip(X7) is in D(X//R). We denote by resx the
composition:

Hip(Xk) = Hjp(X)k = D(X'/K).

LEMMA 2.11: The map rest: Hip(Tx) — D(T¥/K) is an isomorphism.

Proof: This is obvious, as the following diagram is commutative:

Inv(TYx — lov(THx
{ 1
Hjp(Tk) = D(TY/K)
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and all the other maps are isomorphisms. |
PROPOSITION 2.12: Let Ag be a split semistable Abelian variety over K. Then
we have an exact sequence of K-vector spaces

0 — Hip(Ak)™@P=0 - Hlp(Ak) ™ D(AT/K) >0,

where the slope is considered with respect to Frobenius.

Proof: Let us consider the following diagram:

0 — Ker(resg) — Ker(resqg) — 0

N N |
0 — HéR(BK) — Hl]i‘R(GK) — HéR(TK) - 0

resg { resg { rest {

0 - DWB//K) - DGI/K) - DTf/K) - 0
\J ) )
0 0 0

The diagram is commutative, the vertical sequences and the middle horizontal
sequence are exact and all the maps are compatible with respect to Frobenii.
The fact that the bottom horizontal sequance is also exact follows from the
following facts: for a p-divisible formal group F over R we have D(F/K) =
Detassic(F/W (k) ®w) K, where F is the special fiber of F (see [K]) and
the functor Dejassic (the classical Dieudonné module functor of Dieudonné and
Cartier) is exact. It follows that the top sequence is exact, i.e., that Ker(resp) =
Ker(resg). As Ker(resg) = Hip(Bg)®oPe=? (see [K]) and as Hjp(Tk)¥P*=" =0
it follows that Ker(resg) = Hip(Gg)%°Pe=0. Now let us consider the following
diagram (see[C-I]):

0 — Hom(I',K) — Ker(resy) — Ker(resg) — 0

I N N

0 — Hom(I'K) — Hl(Axk) — HIz(Gx) — 0
\L resAi resGJ,
0 - D(Af/K) = D(Gf/K) — 0

As Frobenius acts on Hom(T', K) as identity, and from the fact just established
that Ker(resg) = Hlp(Gk)*°P*=0, we deduce that Ker(res ) = H}p(Ax)"Pe=0.
|

As a consequence of Proposition 2.10 and Proposition 2.12 we get that, if Ax
is an ordinary semistable Abelian variety over K, then we have

Ker(v*) = Ker((uf)*)xur = Ker(resp) gur = Hig(Ag)ioR=0

= unit root subspace,
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which finally proves Theorem 2.3. ]

COROLLARY 2.13: As the unit root subspace of Hip(Ak) is Ker(ress), this
subspace is absolutely canonical, although the Frobenius morphism itself depends
on a choice of a branch of the p-adic logarithm.

3. On the Poincaré pairing

Let us go back to Theorem 1.1 of the Introduction. We denote L: = K*" and
recall that Ax was our ordinary semistable Abelian variety over K. We have
maps

(nv(I7))p % (Inv(A)), and (Lie(4”))p "= (Lie(I)):,
and also, we have perfect pairings
<> (Inv(If))p x (Lie(I*)) > L and <,>: (Inv(A7))f x (Lie(A)) — L.
If z € (Inv(If)); and y € (Lie(Af))r, we have
<v*(z),y >=< z,Lie(v)(y) >,

therefore we deduce that under the pairings above, the subspaces Ker{v*), and
Im(Lie(v)) are orthogonal. As we base change from K to L, it is harmless to
assume that our Abelian variety Ax is actually split semistable over K, which
we do. Hence in order to prove Theorem 1.1 we only need

THEOREM 3.1: Suppose Ak is a split semistable Abelian variety. Then under
the Poincaré pairing

<, >Poin 4 : Hin(Ax) x Hip(A%) = K

the unit root subspaces are orthogonal.

Remark 3.1: The statement of the Theorem is well-known if Ax has good
ordinary reduction; see [C-UVB].

Remark 3.2: We first remark that the Poincaré pairing is the same as the
pairing obtained from the identifications in Lemma 2.2 and the pairing above
(see [C-DA}).



Vol. 120, 2000 FORMAL SECTIONS AND DE RHAM COHOMOLOGY 443

Remark 3.3: Theorem 3.1 is actually a consequence of a more general result,
namely: if Ak is a split semistable Abelian variety then we have

< QAK (a)’ (I)A;( (b) >Poin= ¢ < @, b >Ppoin,

where ®4, and @4, are K-linear Frobenii on H, 1a(Ak) and Hlp (A% ) respec-
tively and @ € Hjp(Ak), b € Hjp(A%). This formula is known to hold if Ax
has good reduction, so Theorem 3.1 is true in this case. The proof of the above
formula for split semistable Ax will be supplied in [CI-FMD] and is surprisingly
difficult.

In order to prove Theorem 3.1 we need to study the behaviour of the Poincaré
pairing with respect to Frobenius. Let us recall the uniformization cross (x) of
the semistable Abelian variety Ag in section 2 and that we have fixed a branch
of the p-adic logarithm on K*. So we have exact sequences of filtered, Frobenius,
monodromy modules:

0 — Hom(T', K) = Hig(Ak) — Hjpr(Gk) = 0

and
0 = Hlp(Bg) = Hip(Gk) = Hin(Txk) = 0.

Moreover, these exact sequences are naturally Frobenius-equivariant split (see
[C-1]), so there exist K-vector subspaces of H}p(Ax) invariant under Frobenius:
U(A),V(A), W(A), such that

(a) Hip(Ax) = U(4) @ V(4) & W(A)
and

(b) U(A) = Hom(I',K), V(A) = Hjz(Bk) and W(A) = H}p(Tk), where
these K-linear isomorphisms are Frobenius-equivariant.

We first prove

PROPOSITION 3.2: Leta = (z,y) € U(A)®V(A) C Hip(Ak) andd’ = (z',y') €
U(AY®V(A') C Hiz(A%). Then, under the identifications in (b) above we have

< a‘val >Poin, A=< yvyl >Poin,B -

Proof: Let us denote by hy the composition of the K-linear maps Hlp(Ak) I
Hlp(Gk) %3 Hl,(Tk), where f4 and g4 are the natural maps. The Proposition
will follow from the following sequence of results.
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LeEmMA 3.3: Under the pairing <, >poin,4, We have
U(A)* = Ker(ha') = U(A) @ V(4).

Proof: If we denote by N4: Hip(Ax) — U(A) the monodromy operator, it is
proved in [C-I] that N4 is surjective. Moreover, Theorem 3.1 of chapter I of [C-I]
gives, for b € U(A), V' € Hip(A%) and € Hl5(Ak) such that Ny(z) = b:

< by b >poin, a=< Na(x),b >poin,a=< ha(z), ha'(b") >mon,

where <, >mon is the monodromy pairing. Therefore Ker(hs:) = U(4A)oV (4’) C
U(A)*. A dimension count now finishes the proof. a

PROPOSITION 3.4 (R. Coleman): Let a € Ker(ha) and o’ € Ker(ha/). Then we
have

<a, a >Poin, A=< fA(a)afA’ (Gl) >Poin,B -

Proof: It would be enough to prove the lemma if A = A’ is the Jacobian of
a semistable curve X. Let us recall some notations and results from chapter I
of [C-I]. Let X be a smooth, connected complete curve over K, with a regular
semistable model X over R such that the irreducible components of its reduction
X are smooth; suppose that there are at least two of them, and that they, as well
as the singular points of X, are defined over .

Let Gr(X) be the graph with oriented edges defined as follows: the vertices
V(X) of Gr(X) are the irreducible components of X. Let X denote the normal-
ization of X and n: X — X be the natural map. The edges E(X) of Gr(X) will
be symbols [z, y], where z, y are points of X" (k), whose images under n, in X(k),
are the same. We set A([z,y]) equal to the image in X of the component of X"
on which « lies and B([z,y]) the image in X of the component of X on which
y lies. Then if e = [z,y] € E(X), e will be an edge from A{e) to B(e). If Y is a
subscheme of X, we denote by Xy the tube of Y, considered as a rigid subspace
of X. We have a natural involution 7 of E(X), given by 7([z,y]) = [y,z]. If
e € B(X), we set Xo: = Xp(c). Weremark that C: = {Xa | A€ V(X)}is
an admissible cover of X by basic wide opens. Let

X% = J] Xa and X: = J] X
AeV(X) ecE(X)

Let i be the involution on X! which takes a point in X, C X! to the correspond-
ing point in X, (). We have the Meyer—Vietoris exact sequence

- 8 a b -
— Hp(X®) 3 Hgp(X')™ = Hjr(X) = Hjp(X°) = Hzp(X')™ -
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where the superscript “” denotes the —1-eigenspace for the action of ¢ and
the map a is defined as follows: Let (z,)y € H35(X°) and e € E(X). Then
(a{y)v)e = To(e) — Ti(e), Where o(e) denotes the origin of the oriented edge
e and t(e) denotes the target of e. Similarly, the map b is defined by: Let
(yo))v € H«}R(XO) and e € E(X). Then (b(yv)v)e = yo(e)lXe - yt(e)|Xe'

Let Ax be the Jacobian of X. It is a semistable Abelian variety over K, and
suppose it has the uniformization cross (x) in section 2. Then as shown in chapter
I of [C-1] we have canonical isomorphisms

HI%(X')™/Im(a) = Hom(T, K) and Im(e) = Hjp(Gk).
We denote by
H2,, (X%): = Ker(Hip(X®) ™5 Hig(X")) = Ker(H}p(X°) 5 Hip (X)),

where, let us recall, res is the restriction map and Res is the residue along the
annuli in X1,

We now start the proof of Proposition 3.4. Let a,a’ € Kerhy C H}p(Ax)
and z,z' € Hlg(X) be the restrictions of a,a’ respectively to X. Then

resXo(z), resyo (¢') € HJ, (X°) and we have

’ ! X X !
< a,a' >poin, A=< Z, " >Poin, x =< Tesxo (), resxo (z") >Ppoin, x0,

where the last equality follows from Lemma 3.3. Now we need to relate this to
the Poincaré pairing on Bg. By adding disks to X° we can view X° as the
complement of a disjoint union of closed disks in a (non-connected) proper curve
Z with good reduction. We have

H;ar( 0) = H;R(Z)v

and this isomorphism respects cup-products. Let D be the Jacobian of Z. Then
D and B have canonically isomorphic reductions, so canonically isomorphic first
crystalline cohomology groups. Therefore

Hpoo(X°) 2 Hip(Z) = Hip(Dk) = Hir(Bk),

and the isomorphisms above respect the cup-products. This proves Proposition
3.4 and Proposition 3.2. |

Remark 3.4: The referee pointed out to us that a direct proof of Proposition
3.4 (direct in the sense that it does not use reduction to Jacobians) can be found
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in [LS] (Proposition 6.2, part 3). As this paper has not been published we prefer
to retain the proof above.
Theorem 3.1 follows from the fact that
HéR(AK)Sl()pe:O — U(A) D V(A)slope=0

and
H(}R(A/K)slopezo - U(A’) ® V(AI)Slopezo
and that Theorem 3.1 is true for Bk, By (see Remark 3.3).

4. Appendix

Let us consider a formal group F, of dimension n over R (notations as in section
2). Let m,pri,pro: F x F — F be the group law and the two projections
respectively. Let us consider the double complex of R-modules

AFHp S5 Qb L 02 o &
c**: ) 14 lé
d d,
AFxFlo = Qpern = Uirr S

where § = m* — pr} — pr} and A(F)g and A(F x F)o denote the sub-R-modules
of A(F) and respectively A(F x F), consisting of power series with constant term
zero. We have

PROPOSITION 4.1: H°(C**) =0 and H!(C**) = D(F/R).
Proof- The simple complex of R-modules attached to C*® is
K*:  A(F)o 2 A(F x Fo @Qlf/R 2 9.17-'><7-'/R 6992f/R 3.

where Do(F): = (8(F),d(F)), D1(G,w): = (d(G) — §(w), d(w)), etc., for F' €
A(F)p and (G,w) € A(F x Fo @Q},—/R.
One can clearly see that H°(C**) = H°(K*) = Ker(Dy) = 0 and that the map

H(C**) = HY(K*) = Ker(D1)/Im(Do) —» D(F/R)
given by class(G,w) — class(w) is an isomorphism. [ |

COROLLARY 4.2: The association F — D(F) is a contravariant additive functor.

The proof follows immediatly from Proposition 4.1. |

Remark 4.1: The statement of Corollary 4.2 is well-known but the approach in
[K], for example, is somehow ad hoc.
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